Math 106 — Midterm Exam

Instructor: Ethan Levien

Instructions.

e You must solve 4 out of the 7 problems. Clearly mark which problems you would like me
to grade. You may attempt as many as you like, but I will only grade 4.

e You must solve 2 problems from each section.
e No notes, no electronics.

Each problem is weighted equally.

Section 1

1. Consider the transition Matrix
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Determine whether P is (i) irreducible and (ii) primitive.

Solution. (i) For any two states, we can find a path both ways, which is easy to see from the
graph. (ii) Observe that if it is in states ; = {2, 3} as time n then it is in states Qo = {1,4}
at time n + 1 and vice versa. Thus for odd steps, we the transition rates within subsets
Q1 and Q9 are zero, implying P is not primitive. Alternatively, reorder the states via the
permutation o = (0(1),0(2),0(3),0(4)) = (1,4,2,3). Under the new labeling the matrix has

the form

0 A

B 0]’
with A, B strictly positive matrices. This is the same as the matrix in the midterm practice
problem 1, which can be shown to be primitive by induction.

2. Let {X:}+>0 be a Q-process on {1, 2,3} with generator
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and Xo = 1. Let {Y},},,>0 be the embedded chain and { Hy, } ,~0 be the holding times. Compute
the following



. B(Yy=3)
° IP)(HQ < 1)

Solution. The only way to have Y5 = 3 starting from Yy =1is 1 — 2 — 3, since from 3 the
next jump must go to 2. Hence

P(Yo=3)=PM1 =2)P(Y2=3|Y1=2) =

and the rates are 7 from state 2 and 5 from state 3. Therefore

P(Hs < 1) = %(1 e )4 2(1 _e ).

. Let {Y,, }n>0 be a discrete-time Markov chain on {1, 2,3} with transition matrix

1/2 1/2 0
P=|1/4 1/2 1/4
/2 0 1/2

Define a sequence of holding times {Hj},>1 such that
H, | (Y,—1 = 1) ~ Exponential(1), H, | (Y,—1 # 1) ~ Exponential(2),
Set

n
K}:mm{nEO:E:Hkgt}, X, =Yg,
k=1

Find the ) matrix.

Solution. When X; = i, jumps are attempted at rate

At a jump from i, the new state is chosen according to P. For ¢ # j, the off-diagonal rates
are

Qij = A(i) Py,
and Qi = — Zj;éi Qij-
Thus
Qu=1-3=3, Q=10=0, Qu=-3

From state 2,
Qu=27=3% Qu=2-7=3 Qun=-(3+3)=-1L

From state 3,
Q31=2-3=1, Q3=2-0=0, Q@33=—1



So

~1/2 1/2 0
Q=11/2 -1 1/2
1 0 -1

. Let X; be the Q-process taking values in {0,1} and set Q11 = —X; < 0, Q22 = —A2 < 0.
Express X; in terms of two independent unit rate Poisson processes II;(t) and II(t).

Solution. If we write

t t
Xt_X0+H1(/ Al(l—Xg)dS> —Hg(/ )\QXSCZS>
JO 0

then when X; = 0, II; adds 1 at a rate \; and when X; = 1, Il subtracts 1 at a rate \s.

Section 2

. Consider the filtration {F,},~0 associated with the subset of sequence space Q C {1,2, 3}
whose first three elements are

Fo=0(C(1))
F1=0(C(1,2),C(1,3),C(1,1))
Fo=0(C(1,2,1),C(1,2,3),C(1,3,1),C(1,1,2),C(1,1,3),C(1,1,1))

where C' denotes the cylinder sets
C(g0,€1y---y6n) ={w € Q:wp=¢0,...,wn =¢en}. (1)

Let X,, be an {F,}n>0-adapted time-homogenous Markov chain. Give an example of one
possible transition matrix for X,.

Solution. From Fy = o(C(1)) we see Xy = 1 almost surely. The atoms of F; show that the
only possible pairs (Xg, X1) are (1,1),(1,2),(1,3), so from state 1 we may go to 1,2,3 but
not to any other state. The atoms of F» show that the only possible triples (Xg, X1, X3) are

(1,2,1),(1,2,3),(1,3,1),(1,1,2),(1,1,3),(1,1,1).

Thus, from state 2 we may go to 1 or 3 (but not 2), and from state 3 we may go only to 1.

One possible transition matrix consistent with this is

1/3 1/3 1/3
P=11/2 0 1/2|,
1 0 0

with initial distribution g = (1,0,0).



6. Consider the Gaussian process with the kernel
K(t,s) = 4cos(2nt) cos(2ms) + sin(2t) sin(27s) (2)

For s,t > 0, compute the conditional distribution

d
Lx, X, ) | {Xo=0}:
(Gxx) | =0
that is, the joint distribution of (dX:/dt, Xs) conditioned on Xy = 0.
Solution. Write the kernel as

K(t,s) = ¢1(t)p1(s) + da(t)da(s),
with
¢1(t) = 2 cos(2mt), ¢o(t) = sin(27t).

Then we can represent
X, =Z1¢1 (t) + ZQ@Q(t) =27 COS(27Tt) + 7y Sil’l(2ﬂ't),

with 71, Zy independent N(0,1).

Differentiate: p

Xi = —AnZy sin(2nt) + 2w 25 cos(2mt).
At t =0,
Xo =27.

Conditioning on Xy = 0 forces Z; = 0, while Zs ~ N (0,1) remains independent. Thus, under
X[) - 0)
X| = 2175 cos(27t), Xs = Zysin(2ms).

Hence (X[, Xs) conditional on Xy = 0 is bivariate normal with mean zero and covariance
matrix
472 cos? (2t 2m cos(2mt) sin(27ms
Cov (X1, X.)T | X0 =0) = o P

27 cos(27t) sin(27s) sin”(2ms)

7. Given an example of a kernel K (¢, s) for a mean zero Gaussian process X; whose realizations
have the following properties:
e X; is not a constant
o X, is differentiable
e Y, = X2 is 27 periodic

Solution. One way to achieve this is to build X; from a 27—periodic Gaussian process Zy
in a smooth way. For example, let Zy be a mean—zero Gaussian process on R with periodic
kernel

k0, ¢) = exp(—a(l — cos(f — gb))), a >0,

which is smooth and nonconstant, so its sample paths are differentiable and not constant.



Define X; = Z Vi for t > 0. Then X, is mean zero, nonconstant, and differentiable (as a

composition of a smooth periodic process with a smooth map ¢ — /7). Its covariance kernel
is

K(t,s) = k(v/t,\/5) = exp(—a(l — cos(Vt — \/5)))

Now
}/;f = Xt2 = Zta

so Y; has exactly the same law as the 2m—periodic process Z;. Thus a valid example of such
a kernel is

K(t,s) = exp(—a(l — cos(vt — /3))), a>0.



