
Math 106 – Final Practice Problems

Instructor: Ethan Levien

The exam will be given 3/12 and due the last day of finals week. It will cover the material
through week 8. You can take it whenever you want during the exam period, but you must give
yourself no more than 2 hours (unless you have accommodations) and use no notes, electronics or
book.

Markov processes, semigroups, and generators (Chapter 5)

1. Consider the multiplication semigroup (Tt)t≥0 by Ttf(x) = etq(x)f(x) where f, q ∈ C0(R).
Recall that

C0(R) =
{
f : R → R : f is continuous and lim

x→±∞
f(x) = 0

}
(1)

and this is a Banach space with norm ||f ||∞ = supx|f(x)|.

• Show that Tt is strongly continuous.

• What is the generator A of Tt?

Solution. Since q ∈ C0(R), q is bounded and etq(x) → 1 uniformly as t → 0, so ∥Ttf−f∥∞ ≤
∥etq − 1∥∞∥f∥∞ → 0; hence (Tt) is strongly continuous. The pointwise derivative at t = 0
gives Af = limt↓0(Ttf − f)/t = q(x)f(x) with domain all f ∈ C0(R).

2. Consider the Koopman generator

(Lf)(x) = x(1− x)f ′(x). (2)

Find the semigroup (Tt)t≥0 generated by L, i.e. find an explicit formula for (Ttf)(x).

Solution. The flow solves ẋ = x(1− x) with solution ϕt(x) =
xet

1 + x(et − 1)
. The Koopman

semigroup is composition with the flow: (Ttf)(x) = f(ϕt(x)).

3. Consider the process (Xt, Yt) on R× {0, 1} defined by

d

dt
Xt = Yt, (3)

Yt+dt = Yt +Π(ht)(1− 2Yt), dt ≪ 1 (4)

This is an example of a velocity-jump process.

• Write down the generator L, acting on functions f : R× {0, 1} → R.
• Argue (without formal proof) that var(Xt) → ∞ as t → ∞.
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Solution. Let Π be a Poisson process of rate h. Between jumps Yt is constant and Xt moves
with velocity y. The generator is

(Lf)(x, y) = y ∂xf(x, y) + h
(
f(x, 1− y)− f(x, y)

)
.

Because the velocity flips at Poisson times with zero mean but nonzero autocovariance,
Xt behaves like an integrated telegraph process whose variance grows linearly in t; hence
var(Xt) ↑ ∞.

4. Consider the process with generator L acting on some subspace of functions f : R×{1, 2, · · · , I} →
R given by

Lf(x, i) = Di∂
2
xf(x, i) +

I∑
j=1

Qi,j(f(x, j)− f(x, i)) (5)

where Q is the generator of an irreducible Q-process and Di > 0 for i = 1, . . . , I. Describe
the process (Xt, It) generated by this operator in words. What will happen to Xt as t → ∞?

Solution. It is a continuous-time Markov chain on {1, . . . , I} with rate matrixQ. Conditional
on It = i, the X-coordinate follows a Brownian motion with diffusion coefficient

√
2Di. Thus

(Xt, It) is a regime-switching diffusion. Since Q is irreducible, the chain visits each state
infinitely often and the marginal Xt diffuses with an effective variance growing like 2(π·D) t,
where π is the stationary law of Q; consequently |Xt| → ∞ in probability (variance diverges
linearly).

5. Consider the generator

Lf(x) = α

∫
R
h(y)

(
f(x− y)− f(x)

)
dy (6)

where h(y) is a probability density on R and α > 0. Assume there is a well-defined Markov
process Xt generated by this linear operator.

(a) Describe the process Xt. Hint: What if you replaced the integral with a sum? Compare
to a Q-process.

(b) Describe the filtration FX
t in terms of generating sets. Hint: Use the intuition from

Gillespie algorithm.

(c) Find the adjoint operator L∗.

Solution. L is the generator of a compound Poisson process of rate α with i.i.d. jump sizes
Yk ∼ h; the process makes jumpsX 7→ X−Yk at Poisson times and is constant between jumps.
The natural filtration is generated by the jump times {τk ≤ t} and jump sizes {Yk : τk ≤ t}.
For the adjoint, we use the L2 pairing ⟨f, g⟩ =

∫
R f(x)g(x) dx and compute ⟨Lf, g⟩:

⟨Lf, g⟩ = α

∫
R

∫
R
h(y)

(
f(x− y)− f(x)

)
g(x) dy dx

= α

∫
R

∫
R
h(y)f(x− y)g(x) dy dx− α

∫
R

∫
R
h(y)f(x)g(x) dy dx.

In the first double integral substitute z = x− y (so x = z + y, dx = dz):

α

∫
R

∫
R
h(y)f(z)g(z + y) dy dz.
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The second integral simplifies using
∫
h(y) dy = 1:

−α

∫
R
f(x)g(x) dx.

Combining and renaming z → x:

⟨Lf, g⟩ =
∫
R
f(x)

[
α

∫
R
h(y)

(
g(x+ y)− g(x)

)
dy

]
dx = ⟨f,L∗g⟩,

so

(L∗g)(x) = α

∫
R
h(y)

(
g(x+ y)− g(x)

)
dy.

This corresponds to jumps upward by y in the forward (Fokker–Planck) equation, reflecting
that the backward generator acts on the starting point while the adjoint acts on the ending
point.

Wiener processes, Stochastic integrals and Itô processes (Chapter 6 and 7)

6. Consider the Itô integral

IT =

∫ T

0
etWt dWt (7)

• Compute the variance of IT

• Compute E[IT | FW
s ] for s < T .

Solution. By Itô isometry, Var(IT ) = E[I2T ] =
∫ T
0 e2tE[W 2

t ] dt =
∫ T
0 te2t dt = 1

2Te
2T −

1
4e

2T + 1
4 . For s < T , the increment

∫ T
s etWt dWt is independent of FW

s with mean 0, so
E[IT | FW

s ] =
∫ s
0 etWt dWt =: Is.

7. Evaluate the integral ∫ T

0
W 3

t dWt (8)

In particular, express it in terms of non-Itô integrals (the integrands can involve Wt) and WT .

Solution. Apply Itô to W 4
t : d(W

4
t ) = 4W 3

t dWt + 6W 2
t dt. Hence∫ T

0
W 3

t dWt =
1
4W

4
T − 3

2

∫ T

0
W 2

t dt,

expressed using only WT and an ordinary time integral.

8. Compute the iterated integral ∫ t

0

∫ s3

0

∫ s2

0
dWs1dWs2dWs3 (9)

Solution. Let

It :=

∫ t

0

∫ s3

0

∫ s2

0
dWs1 dWs2 dWs3 .
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First collapse the inner two integrals:

Js :=

∫ s

0

∫ u

0
dWr dWu = 1

2

(
W 2

s − s
)

using the Itô isometry (or Itô for W 2
s ). Then

It =

∫ t

0
Js dWs =

1
2

∫ t

0
(W 2

s − s) dWs =
1
2

∫ t

0
W 2

s dWs − 1
2

∫ t

0
s dWs.

For the first term, apply Itô to W 3
s :

d(W 3
s ) = 3W 2

s dWs + 3Ws ds ⇒
∫ t

0
W 2

s dWs =
1
3W

3
t −

∫ t

0
Ws ds.

For the second term, integrate by parts d(sWs) = s dWs +Ws ds to get∫ t

0
s dWs = tWt −

∫ t

0
Ws ds.

Substituting,

It =
1
2

(
1
3W

3
t −

∫ t

0
Ws ds

)
− 1

2

(
tWt −

∫ t

0
Ws ds

)
=

1

6
W 3

t − 1

2
tWt =

1

6

(
W 3

t − 3tWt

)
.

The bracket is the probabilists’ Hermite polynomial He3(x) = x3 − 3x, so It =
t3/2

6 He3

(
Wt√
t

)
.

9. Let

dXt = atdt+ btdWt (10)

dYt = ctdt+ dtdWt (11)

Note these processes are driven by the same Wiener process. Let Zt = XtYt and compute the
SDE for Zt.

Solution. Itô product rule or Ito lemma with f(x, y) = xy yields

dZt = (atYt + ctXt + btdt) dt+ (btYt + dtXt) dWt.

10. For each of the processes below, rewrite Yt in the differential form

dYt = u(t, ω) dt+ v(t, ω) dBt

for suitable choices of u, v and dimensions.

(a) Yt = W 2
t

(b) Yt = 2 + t+ eWt

(c) Yt = W 2
1,t +W 2

2,t where W1,t and W2,t are independent Wiener processes.
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Solution. (a) dYt = 2Wt dWt + dt, so u = 1, v = 2Wt, one-dimensional.
(b) dYt =

(
1 + 1

2e
Wt
)
dt+ eWt dWt, so u = 1 + 1

2e
Wt , v = eWt .

(c) dYt = 2W1,t dW1,t+2W2,t dW2,t+2 dt with two-dimensional Brownian driver; drift u = 2,
diffusion vector v = (2W1,t, 2W2,t).

11. Solve the SDE
dXt = rdt+ αXtdWt, r, α > 0 (12)

Solution. Write the linear SDE in the form dXt−αXt dWt = r dt and choose the integrating
factor

Mt := exp
(
− αWt +

1
2α

2t
)
,

which satisfies dMt = −αMt dWt +
1
2α

2Mt dt and cancels the stochastic term in d(MtXt).
Itô’s product rule gives

d(MtXt) = Mt dXt+Xt dMt+dMt dXt = Mt(r dt)+
(
−αMtXt dWt

)
+αMtXt dWt = rMt dt.

Integrate from 0 to t:

MtXt = X0 + r

∫ t

0
Ms ds ⇒ Xt = M−1

t

(
X0 + r

∫ t

0
Ms ds

)
.

Since M−1
t = eαWt− 1

2
α2t, we obtain the explicit solution

Xt = X0e
αWt− 1

2
α2t + r

∫ t

0
eα(Wt−Ws)− 1

2
α2(t−s) ds,

which is the usual variation-of-constants (Duhamel) form for multiplicative noise linear SDEs.

12. Let Xt be an OU process with relaxation rate θ and diffusion coefficient D = θ:

dXt = −θXt dt+
√
2θ dWt, X0 = 0. (13)

Define
d

dt
W θ

t = Xt (14)

(a) Explain why W θ
t converges to a Wiener process Wt as θ → ∞. You don’t need to provide

a rigorous proof, only an heuristic explanation for why limθ→0W
θ
t has the properties of

a Wiener process. Hint: Look at the joint distribution of the increments of W θ
t .

(b) Let

Y θ
t = y0 +

∫ t

0
Y θ
s dW

θ
s (15)

and f be a bounded function. What is the integral equation for f(Y θ
t )?

(c) Argue based on part (b) that as θ → ∞ Y θ
t does not converge to the Itô SDE

dYt = YtdWt (16)

as we might suspect from part (a)
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Solution. (a) Since the variance of an OU process with diffusion coefficient D and relaxation
rate θ is D/θ, in this case the variance is 1. As θ → ∞ the values Xt become uncorrelated
and we obtain a process with constant variance and independent values. Integrating this
process therefore gives a process with independent increments with constant variance, which
is a Wiener process. (b) Because W θ has C1 sample paths, we use the ordinary chain rule
(no Itô correction):

f(Y θ
t ) = f(y0) +

∫ t

0
f ′(Y θ

s ) dY
θ
s = f(y0) +

∫ t

0
f ′(Y θ

s )Y
θ
s dW θ

s .

(c) Taking the limit θ → ∞ of the above formula for f(Y θ
t ) contradicts Ito’s lemma.

13. Let Xt solve geometric Brownian motion:

dXt = rXt dt+ σXt dWt, X0 = x0 > 0. (17)

Derive the quadratic variation

[X,X]T = lim
dt→0

n∑
i=1

(Xti+1 −Xti)
2 (18)

Solution. For dXt = rXt dt + σXt dWt, the quadratic variation is the time integral of the
diffusion coefficient squared: [X,X]T =

∫ T
0 σ2X2

t dt. Writing Xt = x0 exp
(
(r − 1

2σ
2)t+ σWt

)
gives the explicit (random) expression

[X,X]T = σ2x20

∫ T

0
exp
(
2(r − 1

2σ
2)s+ 2σWs

)
ds.

Fokker–Planck equation (Chapter 8)

14. Consider the Fokker–Planck equation

∂tp(x, y, t) = −∂x

(
− x(x2 + y2 − 1) p(x, y, t)

)
− ∂y

(
− y(x2 + y2 − 1) p(x, y, t)

)
+D

(
∂xxp+ ∂yyp(x, y, t)

)
.

(19)

Compute limt→∞ p(x, y, t).

Solution. The drift is gradient of the potential U(x, y) = 1
4

(
(x2 + y2) − 1

)2
since ∇U =

(x(r2 − 1), y(r2 − 1)) with r2 = x2 + y2. For such gradient systems with constant isotropic
diffusion, the invariant density is Gibbs:

p∞(x, y) = Z−1 exp

(
−U(x, y)

D

)
= Z−1 exp

(
−(x2 + y2 − 1)2

4D

)
.

Thus p(x, y, t) → p∞(x, y) as t → ∞.

15. Consider geometric Brownian motion (Eq. 17).

(a) Write down the Fokker–Planck equation for the density p(x, t) on x > 0.
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(b) Show that the lognormal density

p(x, t) =
1

xσ
√
2πt

exp

(
−
(
log(x/x0)− (r − 1

2σ
2)t
)2

2σ2t

)

solves that PDE for t > 0 (with initial condition p(x, 0) = δ(x− x0)).

Solution. (a) The FP equation is

∂tp = −∂x
(
rx p

)
+ 1

2σ
2 ∂xx

(
x2p
)
, x > 0.

(b) Substituting the given lognormal density (the law of Xt = x0e
(r− 1

2
σ2)t+σWt) into the PDE

and using that it is the transition density of the SDE verifies it satisfies the equation and the
delta initial condition.

Other topics (Importance sampling, Feynman-Kac)

16. Let p and q be two multivariate normal densities with covariance matrix Σ ∈ Rn×n and means
m ∈ Rn and v ∈ Rn respectively.

(a) Derive L(x) such that
Ep[f(X)] = Eq[f(X)L(X)] (20)

(b) Discuss the relationship between the formula you obtained for L(x) and the Radon–
Nikodym derivative in Girsanov’s theorem. In particular, state how the terms in Gir-
sanov’s theorem are related to the terms in your formula.

Solution. Since the covariances coincide, the likelihood ratio is L(x) = p(x)/q(x). Expanding
the exponents explicitly:

logL(x) = −1
2(x−m)⊤Σ−1(x−m) + 1

2(x− v)⊤Σ−1(x− v)

= (m− v)⊤Σ−1x− 1
2

(
m⊤Σ−1m− v⊤Σ−1v

)
.

Writing δ = m− v and completing in terms of the reference mean v:

logL(x) = δ⊤Σ−1(x− v)︸ ︷︷ ︸
(I)

− 1
2 δ

⊤Σ−1δ︸ ︷︷ ︸
(II)

,

so L(x) = exp
(
(I)− (II)

)
.

Connection to Girsanov. Girsanov’s theorem says that if Wt is a standard Brownian
motion under Q and we add a drift θs, the Radon–Nikodym derivative for the change of
measure to P is

dP
dQ

∣∣∣∣
FT

= exp


∫ T

0
θs dWs︸ ︷︷ ︸
(I′)

− 1
2

∫ T

0
θ2s ds︸ ︷︷ ︸

(II′)

 .

The two formulas are structurally identical, with the following term-by-term dictionary:
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Gaussian (finite-dim.) Girsanov (path space)

δ⊤Σ−1(x− v)
∫ T
0 θs dWs

1
2 δ

⊤Σ−1δ 1
2

∫ T
0 θ2s ds

17. Let (Wt)t≥0 be a standard Brownian motion. Consider the Ornstein–Uhlenbeck process

dXt = −Xtdt+
1

2
dWt, X0 = 0. (1)

and suppose we wish to estimate

E[e
∫ t
0 Xsds] (21)

from Monte Carlo simulations via the estimator

Îm =
1

m

m∑
i=1

e
∫ t
0 Xi,sds (22)

where {Xi,t}s∈[0,t],i=1,...,m are independent realizations of Xt. Find a lower bound on m such

that the estimator will have a mean-squared error of less than 0.1. Hint:
∫ t
0 Xsds is normal,

so Zt = e
∫ t
0 Xsds is lognormal.

Solution. Let It =
∫ t
0 Xsds. For the OU in (??) with κ = 1 and σ = 1

2 , Var(It) =
1
8

(
2t−3+4e−t−

e−2t
)
(from integrating the covariance). Then Zt = eIt is lognormal with E[Zt] = e

1
2 Var(It) and

Var(Zt) = eVar(It)
(
eVar(It) − 1

)
. The sample mean is unbiased, so MSE(Îm) = Var(Zt)/m. Require

m ≥
eVar(It)

(
eVar(It) − 1

)
0.1

.

For example, at t = 1, Var(I1) ≈ 0.0420, giving Var(Z1) ≈ 0.043 and m ≳ 1; at t = 5, Var(I5) ≈
0.878, so Var(Z5) ≈ 1.55 and m ≳ 16.
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